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Abstract

As a consequence of the seminal work of Nualart and Peccati in 2005 we have
new central limit theorems for functional of Gaussian processes that have allowed
us to elucidate the asymptotic behavior of the multipower variation of certain "am-
bit processes". This survey intends to explain the role of the Malliavin calculus
to reach these results. It was presented in the workshop "Ambit processes, non-
semimartingales and applications”, held in Sandbjerg (Denmark) January 26th,
2010.

1 Introduction
Consider a sequence of Gaussian random variables {X,,,n > 1} with E(X;) = 0,
E(X?) =1, B(X;Xy) = p(j,k), j,k > 1. Let H(x) be a real value function such

that, E(H(X;)) = 0 and E(H(X;))? < oo. Then, a natural problem, is to find
suitable conditions ensuring that

P, ::\;ﬁiH(Xi) ~ N0, 1).

n—oo

So far, the main way of solving this problem was to check if the moments of F),
converged to the moments of the standard normal distribution, that is, to see if

lim E(FP)

n—oo

~ (p— DN if piseven

To prove this one expanded H () in the form
H(x) =) ¢;Hj(x),
j=1
where H; is the jth Hermite polynomial

J
Hyfa) = (1) 2 0 (o), e,
X



and by using the diagram formula to calculate the asymptotic moments of F,.
Consider a set of vertices {(i,7),1 <i <p,1 < j <I;} and a diagram G with the
following properties

1. Edges may pass only if the first coordinates of the vertices are different.

2. Each vertex has one edge.

LetI' = TI'(l4,...,,) denote the set of all these diagrams and for G € ' by A(G)
the set of edges G. Now for a w € G, w = ((i1, j1), (2, j2)), where i1 < ig, define
the functions d; (w) = 41, da(w) = ia. Then

E(HleHli (Xl)) = Z HweA(G)p(dl(w)’ dQ(w))
Gel

As a particular case we have
E(Hn(Xl)HnL (XQ)) - 5n’rnm!an(L 2)7

where d,,,,, is the Kronecker symbol.

Since the work of Nualart and Peccatti in (2005) we know that it is sufficient to
check the behaviour of the second and the fourth order moments of (F,), even we
can get equivalent conditions for the convergence of the fourth order moments that are
easier to check. Moreover the random variables F}, can be measurable with respect to
a Gaussian process, not necessarily discrete.

The theoretical framework to obtain these results is the so called The Malliavin
Calculus.

2 Basic Malliavin Calculus

Consider a complete probability space (€2, F, P) and a Gaussian subspace H; of L2(2, F, P)
whose elements are zero-mean Gaussian random variables. Let §) be a separable Hilbert

space with scalar product denoted by (-, -) and norm || - || 5. We will assume that there

is an isometry

W:9 — H;
h — Wi(h)

in the sense that
E[W (h1)W (h2)] = (h1, ha2)g.

It is easy to see that this map has to be linear. ¥ is called an isonormal Gaussian
process.

Example 1. Let {e;,i > 1} be the canonical basis of RY with a scalar product (e;, e;) =
p(i,7) consider $) =span {e;,i > 1} . Then {W (e;), i > 1} will be a sequence of cen-
tered Gaussian random variables with covariance function p(-, ).



Example 2. Take (110 4(-), 1j0,5(-)) = p(s,t), and $ = span{lyp(-),0 <t < T}
then (W; := W (1[g4))is a centered Gaussian process with covariance function p(-, -).
Example 3. If, in the previous example, we take p(s,t) = sAt then = L?([0,T], dz)
and (W; := W(1)) is a Brownian motion, moreover W (h) = fOT hsdWs, the
Wiener integral of the function ~ with respect to the Brownian motion (W) .

Example 4. $ = L*(A, A, i) where (A, A ) is a measurable space and i is a o-finite
measure without atoms (i.e. for any A € A such that ;1(A) > 0 there is B € A such
that 0 < pu(B) < u(A)).

The process {W(A) :=W(14),A4 € A, u(A) < oo} is called a Gaussian white
noise with intensity x4 on the space (A, A ).

We can define a Wiener integral of a function h € $ with respect to the process
(W(A)) and we have that W (h) = [, hsdW,. We can also construct, in a standard
way, the multiple Wiener integral for functions in L#(A", A", u™) and it can be seen
that, if h € 9, [|h||g = 1, Ho(W(R)) = [, h(t1)...h(tn)dWy, ..dW,,.

For any m > 2, we denote by H,,, the closed subspace of L?(§2, F, P) generated
by the random variables H,,(W (h)), where h € 9, ||h||s = 1. It is called the m-th
Wiener chaos. Then,

Theorem 5. Every random variable Y € L?(Q,G, P), where G is the o-field gener-
ated by W, can be uniquely expanded as

where Y, € H,.

Proof. If Y € L?(, G, P) is orthogonal to every H, (W (h)), h € 9, ||h||s = 1
then Y is orthogonal to eXi=i MiWled) )\, e R,7 > 1 and (e;);>1 an orthonormal basis
of $. From here E(Y|W (ey),..W(e,)) = 0,a.s and since E(Y|W (e1),...W(en))
converges a.s. to Y, thenY =0,a.s.. m

Suppose that ) is infinite-dimensional and let {e;,i > 1} be an orthonormal basis
of $). Denote by A the set of all sequences a = (a1, ag, ...), a; € N, such that all the

terms, except a finite number of them, vanish. For a € A we set a! = II2,q;! and
la] = >";2, a;. For any multiindex a € A we define
1
o, = —=II2 H,,(W(e;)).

The family of random variables {®,,a € A} is an orthonormal system. In fact
B IE Ho, (W (i) )TIEZ, Hy, (W (ei))] = dapal

Moreover, {®,] a € A, |a| = m} is a complete orthonormal system in H,, .
Let a € A with [a| = m and denote ®2,eP% = ¢®% Where ® is the tensor
product. The mapping

I, : 9™ — Hp,
e® i quilHai(W(ei))v



between the symmetric tensor product ™, equipped with the norm v/m! H-||5®m,
and the m-th chaos H,,, is a linear isometry. Here ® denotes the symmetrization of the
tensor product ® and I is the identity in R.
Foranyh = hi1 @ - - Qhypandg = g1 @ -+ ® g €H®™, we define the p-th
contraction of h and g, denoted by h ®,, g, as the element of §H®2(m—p) given by
h@pg=(h1,91)5 " (hp, Gp)slps1 @ @ hin @ gp1 ® *+* @ G-

This definition can be extended by linearity to any element of H®™. h ®,, g does not
necessarily belong to H©(™~P)_even if h and g belong to H©”. We denote by h®pg
the symmetrization of h ®,, g.

Proposition 6. For any h € P and g € $H®9, we have

L) =S (2)(4) tosaarthing)

r=0

Proof. First, note that
11(61') == W(GZ)

Let a € A with |a| = p and ¢ = 1. Due to linearity of I, it suffices to consider the case
h = e®a, g = e;. It holds that

Ip(e®) 11 (e5) = T2, Ha, (W(ei) )W (e;).
Assume that j is an index such that a; = 0. Then
efé‘;@lej =0

and

152, Ha, (W (e:))W(e;) = Ipy1(e®9®ey),

so we have that

Iy(e®)1(ej) = Ip41(e®9@e;) + plp—1(e®*@1¢; ).

Assume now that a; # 0. Then we obtain the identity

~ a; :
e®iRie; = —Le®a’(5)
p

with a}(j) = a; if i # j and a;(j) = a; — 1. Furthermore,since the Hermite polyno-
mials verify
zH, () = Hp1(z) + nHy—1 ().
we have that
T2, Ho, (W (e:)) W (e;)
H?il,iséjHai (W(ei)(HajJrl(W(ej)) + ajHarl(W(ej)))

Lyi1(€®9@e;) + plp_1 (€®0®, ;)

Hence, the multiplication formula is true for ¢ = 1. The general formula follows
by induction. m



Theorem 7. Let h € §) with ||h||g = 1. Then for every m > 1 we have
L (h®™) = Hy (W (h))

Proof. For m = 1 it is clear. then

L1 (RO D) = Ly (RO 11 () = il (hS )
= Hp(W(h)W(h) = mHy, (W (h))
= Hm+1

Theorem 8. Every random variable Y € L*(),G, P), where G is the o-field gener-
ated by W, can be uniquely expanded as

Y = i In(hn)v
n=0

where h,, € HO™.

Proof. It is immediate from the previous chaos decomposition and the definition of
I,. u

Let S be the class of smooth random variables ' = f(W (hy), ..., W (hy,)), fEC°(R™)
(f and all its partial derivatives have polynomial growth), we can define its differential
as

DF = _znjaiﬂvv(hm W (), o W ()i

DF is as a random variable with values in $). Then we can built a closed map

D:D"? C L*(Q,R) — L*(Q,9)
F +— DF.

where D2 is the closure of the class of smooth random variables with respect to
the norm

1F|l2 = (B(F) + E(IDF|Z)".

For instance D(H,, (W (h))) = nHp,—1(W(h))h,n > 1, (Hy := 1).

Proposition 9. Set h € H©", then
E(|DI.(W)g) = nnt |[Allgen
Proof. Itis sufficient to consider h = h"", hy € §. Then, I, (h$") = ||hy || Hy (W (h1/[|halls)),
DI, (h) = "|\hl\|%_1Hn—1(W(h1/||h1Hﬁ))hh

and
DL (h)I[5 = n?[|ha|[3 Hy—t (W (1 /||Ra]]5))>.



Therefore ,
E(|DL,(R)|Ig) = n?| |5 (n — 1)! = nn!||h]|§en

[
Let u be an element of L%(Q, ) and assume there is an element d(u) € L?(2)
such that
E(DF,u)g) = E(F5(u))

for any F' € DV2, then we say that u is in the domain of & and that § is the adjoint
operator of D. For instance

Proposition 10. Let h be an element of §,
§(h) = W(h)

Proof. Without loss of generality we can assume that ||h||s, = 1 and that F' =
f(W(h),W(hg), ..., W(hy)) with h; orthogonal to h. Then

E((DF,h)g)
= 81f /81f 1‘1, hg) (h ))\/1276 2 fdxl)
= B[ o1 W(ha). o W(h) jﬂ btar,

Proposition 11. If
u = Z thj
i=1

where I are smooth random variables and h; are elements of §) then

Proof. Let T € S, _ j:1
B(T6(u) = anlE(TFijj)) _nlE(T<DFj7hj>»a>

= Y BUDITE) b))~ Y B(T(DE, b))
= =

- i:E(<D(TFj)—TDFj>hj>ﬁ)
=

- ZE (DT, hy) E(<DT,§:thj>fJ)

_ E((DT,u> )



Proposition 12. If

where h € 93, ||h]|g = 1 then

Proof.
0(u) = Hp_a(W(h)W(h) = (DHp—1(W(h)),h)s
= Ho (W)W (R) — (0 — 1) Hya(W (1) (b b
= H,1(W(h))W(h) — (n —1)H,—2(W(h)) = H,(W(h))
[

Corollary 13. Let F' € H,, then
O0DF =nkF.

Proof. It is sufficient to consider F" of the form F' = H,,(W(h)), h € 9, [|h] = 1.
Then
dDF = 6(nH,,—1(W(h))h) = nH,(W(h)) = nF.

Lemma 14. Consider two random variables F = I,,(f), G = I,,(g), wheren,m > 1.
Then

nAm (n|m|)2
E((DF,DG)2) =
(« s) ; ((n— ) (m —r)(r — 1)

')2 ||f®rg“f’)®(n+M—2r) :

Proof. It is sufficient to consider f = e®% and g = e®?, then

Dln(f) - ZajITL—1(€®a/(j))€j,
j=1
DI,.(9) = Z b L1 (€20 ()ey,,

k=1
and
(DIn(f), DIm(9))5

= Zakbkln—l(e(@a/(j))Imfl(e®bl(k))

k=1

0 mAn—1
n—1 m—1 —~—
= ;akbk ZO 7! < , ) < , >-Im+n72—2r(€®a ()@, (1),



Hence,
<DIn(f)7 Dlm(g»f)

mAn—1 n—1 m—1 oo o o
r! ) ( , ) Im+n—2—2r(z arbre® (), e®b' (k)

[
(]

r=0 k=1
mant n—1 m—1 — —
= nm Z 7'!( , ) ( , )Im+n—2—2r(€®a®r+16®b)-
r=0
Finally
E((DI4(f), DIn(9))s)?
mAn—1 n 1 2 m 1 2 o 2
— 2 12 - - ®aR ®b
= (m) 2—:0 ) ( r ) ( r ) He B gotnem -2
| ]

3 Central limit theorems of random variables
Theorem 15. Fix n > 2. Consider a sequence {Fy, = I,(fx),k > 1} such that

E(F?) — o (1)

k—oo

The following statements are equivalent:

(i) Fy ki N(0,52).
(ii) E(F) — 30

k—o0

(iii) || fr @ frllgeam—n T 0, foralll <r<n-—1.
. L*()
(iv) ||DFk||% o no2.
Proof. To simplify we take o2 = 1. We shall prove the following implications
(iv) = (1) = (i1) = (i4i) = (iv).

(iv) = (i). First the sequence (F}) is tight since it is bounded in L?({2) by condition
(1).Second, assume that F}, converges to (. Again by (1), G € L?(f2). Then its
characteristic function (t) = E(e™%) is differentiable and ¢’ (t) = iE(Ge™%). For
every k > 1, define ¢, (t) = E(e!*), then ¢, (t) = iE(Fye!f*). Clearly, Fje'f*
converges in law to Ge?*“ and the boundedness in L?(€2), implies convergence of the
first order moments.



(iv) = (i)(cont.). Then, ¢}.(t) — ¢(t). Moreover,

cp;(t) = Z'E(erz‘tFk):iE((gD(Fk)eitFk)
n

t )
= —gE(e”F’“ (DFy,,DF})¢)

~ZB(eP DR — ~t(t)
in fact, by (iv)

(" | DE3) = no(t)| < B(IDFG = n|) + 0| EE) - o(t)]
This implies that (t) satisfies the differential equation

@' (t) = —tp(t), p(0) = 1.

(i) = (id). Itis well known that, for any 1 < p < ¢ < oo the norms ||-||,,, [|-[|,, are
equivalent in any Wiener chaos H,,, then convergence in law and convergence of the
second order moments implies convergence of the moments of any order.

(#4) = (#it).By using the product formula

n 2
L(fr)? = Zr!( Z) gy (f5®y f)
r=0

n—1

2
2| fel? + Lon (fu®fr) + ZT! < : ) L) (fr®y fr).

r=1

Then
E(L.(fu)") = () [| fell*
n—1 4
+@n)! | B g + > o < " ) @n =) fBr ]2 oninr

also we have that
@il [een = fi ® fr @2n 1@ [

(2n)!
(n1)?

~ 2 .
fk®kaﬁ®2n is the sum of terms of the form

|| fx ®a fx||? witha = 0,1, ..,n. And fora = 0,n

(#4) = (443). Therefore,

(n!)?
(2n)!

I @a frllg 2w = [1fxll*.

Consequently ,
E(L,(fi)*) = 3 (n)” [ ful|* + R

and, by the hypothesis (ii) R — 0, equivalently || fx ®, fk||52§®2(n,r) —0,1<r<
n—1.



(idi) = (iv). We know that E(|| DI, (h)||5) = nn!||h]3 , then
E((|DF[l5, — n)*) = E(IDFillg) — 20°n! || fill5en +n”,

therefore it suffices to prove that (¢i7) implies that F (||DFkH?§) — n?. But, by the
previous Lemma we have that

— nl)? ~
B(IDEIL) = Z () B ll oy 2 ED2 fil o
f— - (r — 1)!)
s0, by (iii), E(|\DFk||4ﬁ) —nim
Example

Let (B;)¢>0 be a Brownian motion and $ = L?([0, 1], dz). Then

1 1
Fy, ;:\/E<k/ Bftl/’f—2dt—1> — N(0,2).
0

k—oo

It is easy to see that

F, = // (s v {)/R=1 )stdBt

= 12 fk
where Vi

_ k 1/k—1 ©2

fomgog (vt o) es

We have that
2 2 2k bt 1/k—1
E(F;) = 2[|fellge: = -1, /0 ((s\/t) — 1) dsdt
4k k 2k 4 1 9
= _— - —
(k—12\2 k+1 2) k>

Then it is enough to see that
[ ®1 fk||25§®2 kjoo 0.
But

ka ®1 fillfe
2

- Gome //(/ swl/’“ 1)((5\/u)1/k1—1)d5) dtdu,

and fo fo (fo ((svi/rF=t —1) (s vu)t/r=1 —1) ds)gdtdu = O(k).
Example



Consider a sequence of stationary, normalized, centered Gaussian random variables
(X:)i>1. We want to study the asymptotic behavior of the sequence

1 k
F, ::ﬁ;H (X;)

m > 2. We can take H; = span{X;,i > 1}, and $ = H;. The inner product on
$ is then induced by the covariance function p(k) = cov(X1, X14«) of the sequence
(X;)i>1 (note that p(0) = 1).We obtain the following representation

1< 1<
:ﬁ;Hm(Xi):Im (\/EZX@n)

Set
1k
he = —= 3 x@m
Assume that -
> Ip)™ < oo ?)
j=1
It holds that
9 m! < m ml k mee -
il Bom = 25 ST (BEGX)™ = T8 ST - )
i,j=1 i,j=1
= ml 1—1—22/)7” (1—) — m! 1+2me(j) =: 02,
j=1
Note the identity

k
1 m—r m—r
hk@ﬂ%Z@Z Z—JX® )®X®( )

11



This implies

|k @7 th;@z(mw)
k

1 e N et N e .
= = P A ) A GE  V CE O PA FE )
1,7,4,7'=1
k—1 . . .
1 r r m—r/ .\ m—r/: Z\/] \/Z/
= =z Pr@)p" (G =)™ (" (i =) (L = =)
0,5,/ =0
1 k—1
< p(i)p(j —i")p(5)p(i — ')
%,7,4’=0
1 k—1 k—1 2 o] 2
= p(pi—3) | <2¢ [ D pli)?] .
i=0 \ j=0 §=0

for any € > 0. So the last term converges to 0 under assumption (2) for 1 <r < m—1,
and we deduce that Fj, ki> N(0,02).

For d > 2, fix d natural numbers, 1 < n; < ... < ng. Consider a sequence of
random vectors

Fk:(FklavFlg):(In1(fli)vvInd(fg))v 3

where f} € §©™. We have a multidimensional version of the previous theorem,

Theorem 16. Let (F},),~, be a sequence of random vectors of the form (3) such that,
foreveryl <i,j<d o
hrnE(F,iFg) = (Sz'j, (4)

then the following statements are equivalent

(i) For everyi =1,...,d, F} ki N(0,1).

— 00

(ii) For everyi = 1,....d, E((F})") 3
c— OO

(iii) || fi ®r f,iHﬁm(n,_r) — 0, foralll <r<mn;—1,1<i<d.
¢ k—oo

D3 Y ne

(iv) Foreveryi=1,....d, |
(v) Fe 5 Na(0,1u)

Proof.
(iv) = (v). Assume then that F}, converges to G and that () = E(e*»%)) . Set

12



@i (t) = E(eiBF)) then 9,0, (1) = i E(F) !t Fr)) — 9,0(t). Moreover, by (iv),

%) = z-E<F,zei<vak>>=§E<5D<F,z>ei<w>>
J

- ——ZtlE “LF(DF) DF))g)
(et

_iE(ei@yFw

112
DFJH — —t;0(b),
n; ‘ k 5) J‘P( )

in fact, for j # [, by using the Lemma and condition (4) it is easy to see that
E((DF{,DF})}) — 0.

This implies that (¢) satisfies the partial differential equation

jp(t) = —tjp(t), j=1,...,d.
e(0) = L
n
Finally, we can consider a d-dimensional random vector F, = (Y}!,...,Y9)T

which has a chaos representation

Fi=Y In(fihy), i=1....d,
m=1

with f; . € HO™.

Theorem 17. Suppose that the following conditions hold:

(i) Foranyi=1,...,dwehave Y ", supym!||f} |3 em < oc.
(ii) Foranym > 1,14,5 = 1,...,d we have constants X7 such that
Jim Bl (£ ) (£ 0 = Jim (Fhupe Fn) =S

and the matrix 3™ = (£{%)1<i j<a is positive definite for all m.
(iii) 20, 9™ = % € RIXC,
(iv) Foranym > 1,i=1,...,dandp=1,...,m—1

hm Hfrlnk:®p -» =0

Then we have F, ki> N4(0,%).

13



Proof. Fix v € R%. By the theorem for the unidimensional case and condition (ii)
and (iv) we have that I,,, (v f,, ) converges to a N (0, v ¥™v) as k goes to infinity.
Then if use the theorem for the multidimensional case

(Il(UTfl,k)7 "'7Im(UTfm,k)) kéo)O (617 "'7£m)’ (5)

where, fori > 1, ¢, are independent N (0, vT ¥%v). Define for every N > 1,

=3,
I
E

Im(.fm,k}) )

m=1

] =

&N = €m

1

3
I

Setalso & = °_ £,,. Let f € C* bounded and with bounded derivative, then
|E(f(0"F) = f©)] < |E(f(0"F) = fTFY))|
+BEWTEY) - 1)+ [E©) - £€))]

- 1/2
< CU|< 3 E(Im<fm,k)2)>

m=N+1
+[BUQTEY) - 7€)+ |B(© - £6M)].

So, by conditions (i), (5) and (iii), if we take the supremum in k£ and then the limit in
N we obtain the result. m

4 Functional central limit theorems. The power and
multipower variation

Let (G¢):>0 be a Gaussian process which has centered and stationary increments. We
want to study the asymptotic properties of the process

[nt

]
n ]' n
V(G =—5 Y IAIG
" i=1

where A}G = Gi — Gix, 72 = E[|A}G[*] and p > 0. Write

AMG A™ .G
Tn(])zcov(%7l7_i) ) JZO
and assume that
Irn(§)]? < Cj5717¢, § > 0,for some e > 0 (6)

14



and
lim 7, (j) = p(J),

n—00

Set H(x) = |z|P — p,, where p1,, = E(|N(0,1)|?), then H(z) = Z]Oiz a; H;(x), with
a2 > 0 and we have the following theorem:

Theorem 18.

(GovaV(G.p)} 1))

where W is a Brownian motion that is defined on an extension of the filtered probability
space (0, F, (Fi)i>0, P), independent of G and o* is given by

£ (Gt’aWt) ,

n—oo

ot =Y o, ol =mlalAl, X, =1+2> p"(i). (7)

m=2

Proof. First we have to show the convergence of the f.d.d. Let (ay, by] pairwise
disjoint intervals in [0, T']. Define

[nbg]

G’Z = T, Z
i=[nag]+1

[nbg] n

yh o = 1 i H(A G)

v

APG

Tn

nak

it suffices to prove that

(Gfu n )1§k§d L> (Gbk - Gakvg(wbk - Wak))lgkgd )
where o is given by (7) and W is independent of G.

Let H; the closed subspace of L?(, F, P) generated by the random variables
(A2G/Tn)n>1,1<j<[nr)- Notice that H; is a separable Hilbert space with the scalar
product induced by the covariance function of the triangular array (A7 G /7y )n>1,1<j<[nT)-
Then we can take $ = H; and try to apply the general CLT to this case.

We have

= s X a(EE)

- 72, 2 ()

i=[nag]+1 m=2

oo [nbk] m
ATG
— E: | & }: i 7
m=2 \F i=[nan]+ ( Tn )

15



and
[nbk]

GF =1, Z

i=[nag]+1

[nbk]
A'G
=1 n . ’
T

i=[nag]+1

ALG

Tn

a.s.
—

The components (Y,¥) and (G%) are orthogonals and it is clear that (G%)

(G, — Gq,).So we have just to prove that (Y¥) néoo N4(0,02%1).

Then we can apply the previous theorem with

n—oo

[’I’Lbk]

n ®m
k _ Om ArG om
oot S (RO e
i=[

i=[nag]+1

Proof (i). Take, by simplicity, k = 1,a7 = 0,01 =1

1 o aZ2m! =
||fm,n|‘f)®”" n ern (ll_]l)

i=1j=1

= aZm!(1+2 2(1 — %)r;”(i)) 8)

= azml(1+2) " p"(i) = o2, 9)

n—oo

Proof (ii) and (iii). Take again by simplicity and wl.o.gk =1,a; = 0,01 = a1 =1
and by = 2

2 ol
[(Fims Frandgom | = |23 37 v =)

IA
IS
3
3
(]
<
3
\Q_/.
+
(]
3
3
¥
<

— 0(sincenr™(n) — 0).

n—oo n—oo

Proof (iv). Fix 1 <p <m — 1.

1 n AP ®(m—r) A"G R(m—r)
1 _ _ 7 J
mn®P mn*n-zz Z j| < T ) ®P( T > )

and we have, like in the second example, that

oo 2
||f71n,n®l7 m,nH <2 (ZP ) .
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Proof (tightness). The second step of the proof is to check the tightness condition
of (Gy, Z{™) where

Set

then we have, for s < t,

Bz - Z2pN))

B3 [”“,:[”“(MG)%)%

T
m=2 =1 n

[nt]—[ns] [nt]—[ns]

_ [nt] :L [ns] Z 1 Z Z rm(

By the equivalence of the LP? norms for 1 < p < oo on a fixed sum of Wiener
chaos,
E(lztn,N _ Z;L,N|4)1/2 < C[’I’Lt] — [ns]
n
Then by the Cauchy-Schwarz inequality we obtain the approximation
P(1ZpN = 20N 2 025N - 20| 2 2)

nt| — nty})(|ntz2] — [N 2*12
ot =1 t?g(;t] [nt]) SC<t >\4t)

forany t; <t <tsand A > 0.
Moreover we have proved in the first step, by (9) and (6), that

hm sup F[|Z} — Zt"’N\Q] =0.

N—oo n

Using this we conclude that

n n n n (t2 - t1)2
P2] = Z51 =2 M2 - Z8 [ 2 A ) < O
for any t; <t <t and A > 0, from which we deduce the tightness of the sequence
Z} by Billingsley’s criterium. m
If we want to study the asymptotic behaviour of the bipower variation processes

q

ATG P

Tn

z+1G

Tn

) p,q2>0,

LI
V(Gip, @) = Z
=1

17



we can consider

[nt]

“\WZ<

An Gq
=],

Then by using the product formula we have

ARG || AT, G

Tn

_:u’(",lq)> ) panOa

ATG

Tn

where ,uz(),q =F (

[nt]

Z;l:i%[ ( Z )

where -
i (n) (AFGN\®h~ (AT G\ @m—h
m’n_zsh’m( 7n> ®< Tn )
h=0
and
l+h l —h
Shm Za;ﬁl+ha’q,l+m hl'< —il_ )( —H? )7151(1)'

=0

Now we can introduce two independent variables X (1), X*(2) ~ N(0,

are given by

n n AL G
xr)y =29 xr@) =6, 809 1, 2
Tn Tn Tn

with b, = (1 — 7~2(1))*1/2 and a, = —(1/r2(1) — 1)~¥/2

It is clear that f;, ,, can be represented as

Win,n = Z Czl,...,kaz‘n(kl) Q- thn(kWL) )
kle{1,2}

for some constants ¢z . . Note that all summands are orthogonal. We obtain

1, D Nk P =

kie{1,2}

Also we have that

|< m,n’ fl+k>5§®m
m

= Z chwnah'chlw-wgnL H<X7:n(hl)’X’Ln+k7(gl)>Hl

hie{1,2},g1€{1,2} =1

e (Cr(k = 1))

IN

1) that

And by using these results we can prove the central limit theorem for V(G p, ¢)7.
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A similar extension works for the multipower variation

nt] k+1 &

V(G,pl,...7pk = Z H

and for the joint multipower variation:

(V(G7p%’ A 7p]]<:‘)?7 "'7V(G’pf7 R 7pz)?) *

AP
7,+] 1

pj
’ ) pla"wpkzoa

Define

(n) _ EHA?G P1

Ppiipr =

BER

Tn

]

Tn

We have

Theorem 19.

(Gt, (vl =% t)lggd) L (CLBPW),

D

where W is a d-dimensional Brownian, defined in an extension of the original filtered
space, independent of G, B is a d x d-dimensional matrix given by

ﬁij = nlLIIQlQ’/LCOV(VQ(pzl,7p?€)711,VQ(p]17,p?€)711> 9 1 S Z)] S d7

and (Q;)i>1 is stationary centered discrete time Gaussian process with correlation
Sunction p(j).
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