
On the In�nite Divisibility of Power Semicircle
Distributions

Víctor Pérez-Abreu
CIMAT Guanajuato Mexico

(joint work with Octavio Arizmendi)

Workshop on Ambit Processes, Non-semimartigales and Applications

Sandeberg, January 27, 2010

Víctor Pérez-Abreu CIMAT Guanajuato Mexico (joint work with Octavio Arizmendi) (Workshop on Ambit Processes, Non-semimartigales and Applications)ID of Power Semicircle Laws Sandeberg, January 27, 2010 1 / 18



Outline of the Talk

I. Semicircle or Wigner Distribution
1 Density and Moments
2 Importance in Mathematics

II. Power Semicircle Distributions
1 Representation of the Classical Gaussian Distribution
2 Poincaré´s Theorem
3 Recursive Representations
4 Moments

III. Review of Steen´s talk:
1 Transforms of Measures
2 Cumulant transforms
3 Convolutions corresponding to classes of independence.

IV. Kurtosis and In�nite Divisibility
1 Kurtosis corresponding to the �ve classes of independence
2 Necessary condition for ID based on kurtosis
3 Applications to Power Semicircle Distributions

V. Conjectures and Open Problems
Víctor Pérez-Abreu CIMAT Guanajuato Mexico (joint work with Octavio Arizmendi) (Workshop on Ambit Processes, Non-semimartigales and Applications)ID of Power Semicircle Laws Sandeberg, January 27, 2010 2 / 18



I. Semicircle Distribution
De�nition and Basic Properties

Semicircle or Wigner distribution on (�σ, σ), σ > 0, has density

f (x ; σ) =
2

πσ2

p
σ2 � x21(�σ,σ)(x).

Odd numbers are zero
Even moments m2k of the standard distribution σ = 2 are the
Catalan numbers

Ck =
(2kk )

k + 1
Classical kurtosis

Kurt(f ) =
m4
m22
� 3 = C2

C 21
� 3 = �1.

Semicircle distribution plays an important role in several �elds of
mathematics and its applications.
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I. Semicircle Distribution
Importance

In Random Matrix Theory the semicircle law is the asymptotic
spectral distribution of the so called Wigner and Gaussian ensembles
of random matrices (Wigner 1955).

In the Theory of Representation of Symmetric Groups, the
semicircle law is the limiting distribution of a Markov chain of Young
diagrams (Kerov 93, Kerov-Vershick 77).

Semicircle distribution is an in�nitely divisible distribution not in
the classical but in the free sense, where it plays the role the
classical Gaussian distribution does in classical probability.

Moreover

wt (dx) =
1
2tπ

p
4t � x21[�p4t ,p4t ]dx , t > 0

is the family of spectral distributions of the so called free Brownian
motion.
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II. Power Semicircle Distributions

Kingman (Acta Math. (1963)): Power semicircle law (PS(θ, σ)):
θ � �3/2, σ > 0

fθ(x ; σ) = cθ,σ

�
2

πσ2

p
σ2 � x2

�2θ+1

� σ < x < σ

where

c�1θ,σ =
p

πσ�2θ Γ(θ + 3/2)
Γ(θ + 2)

.

Bounded supported distributions.

θ shape parameter, σ range parameter.

When d = 2(θ + 2) is integer, PS(θ, σ) is the distribution of
one-dimensional marginals of uniform measure on a sphere of radiusp
d in Rd

Víctor Pérez-Abreu CIMAT Guanajuato Mexico (joint work with Octavio Arizmendi) (Workshop on Ambit Processes, Non-semimartigales and Applications)ID of Power Semicircle Laws Sandeberg, January 27, 2010 5 / 18



II. Power Semicircle Distributions
Special important cases

1 θ = �3/2 Symmetric Bernoulli probability mass 1/2 at �σ and σ

2 θ = �1 arcsine law in (�σ, σ)

3 θ = �1/2 uniform distribution in (�σ, σ)

4 θ = 0 semicircle law in (�σ, σ)

5 Poincaré´s theorem: (θ ! ∞)

fθ(x ;
q
(θ + 2)/2σ)! 1p

2πσ
exp(�x2/(2σ2)).

6 Modelling aspect: �nite range distribution and Poincaré´s theorem.
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II. Power Semicircle Distributions
Representations of the Classical Gaussian Distribution

G (α, β) gamma distribution

Theorem
θ > �3/2,Yθ+2 � G (θ + 2, 2) independent of Sθ � PS(θ, 1). Then

Z =
p
Yθ+2Sθ � N(0, 1)
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II. Power Semicircle Distributions
Interested fact related to classical in�nite divisibility

Theorem
θ > �3/2,Yθ+2 � G (θ + 2, 2) independent of Sθ � PS(θ, 1). Then

Z =
p
Yθ+2Sθ � N(0, 1)

Theorem
Yλ � G (λ, 2) independent of Sθ � PS(θ, 1). Then

X =
p
YλSθ

is in�nitely divisible in classical sense if and only if λ = θ+ 2 in which case
X has the Gaussian distribution.
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II. Power Semicircle Distributions
Recursion via mixtures

For θ > �1/2
Sθ

d
= U1/(2(θ+1))Sθ�1

where U and Sθ�1 are independent U � U(0, 1) and Sθ�1 � PS(θ � 1, 1)

In particular semicircle law is mixture of arcsine law (Ledoux 04)

S0
d
= U1/2S�1

S1/2
d
= U1/3S�1/2
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II. Power Semicircle Distributions
Moments

For k � 1 integer,ESkθ = 0

ES2kθ =
�σ

2

�2k
Ck (k + 1)!

Γ(θ + 2)
Γ(θ + 2+ k)

If θ integer

ES2kθ =
(2kk )

(θ+k+1
k )

�σ

2

�2k
Standard distribution (zero mean and variance one)

σ2 = 2Γ(θ + 3)/Γ(θ + 2)

θ integer
σ2 = 2(θ + 2).
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II. Power Semicircle Distributions
In�nitely Divisible Aspects

Of course they are not in�nitely divisible in classical sense if θ 6= ∞.

Semicircle law (θ = 0) plays role of Gaussian distribution in free
convolution

Arcsine law (θ = �1) plays role of Gaussian distribution in monotone
convolution

Symmetric Bernoulli (θ = �3/2) plays role of Gaussian distribution
in Boolean convolution

Question: What about other members of the class of Power
Semicircle laws PS(θ, 1)?
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IV. Kurtosis and In�nite Divisibility
Kurtosis of Convolutions for the Five Classes of Independence

µ pm on R with em2(µ) and em4(µ) �nite (moments around mean).

Classical kurtosis of µ

Kurt(µ) =
c4(µ)
(c2(µ))2

=
em4(µ)
(em2(µ))2 � 3 � �2,

c2(µ), c4(µ) are 2nd and 4th classical cumulants.
Free kurtosis of µ

Kurt�(µ) =
k4(µ)
(k2(µ))2

=
em4(µ)
(em2(µ))2 � 2 = Kurt(µ) + 1 � �1,

k2(µ), k4(µ) are 2nd and 4th free cumulants (Nica-Speicher, 2006).
Monotone kurtosis of µ

KurtB(µ) =
r4(µ)
(r2(µ))2

=
em4(µ)
(em2(µ))2 � 1.5 = Kurt(µ) + 1.5 � �12 ,

r2(µ), r4(µ) are 2nd and 4th free cumulants (Hasebe-Saigo, 2009).
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(em2(µ))2 � 1.5 = Kurt(µ) + 1.5 � �12 ,

r2(µ), r4(µ) are 2nd and 4th free cumulants (Hasebe-Saigo, 2009).
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IV. Kurtosis and In�nite Divisibility
Kurtosis of Convolutions for the Five Classes of Independence

Boolean kurtosis of µ

Kurt](µ) =
h4(µ)
(h2(µ))2

=
em4(µ)
(em2(µ))2 � 1 = Kurt(µ) + 2 � 0,

h2(µ), h4(µ) are second and fourth Boolean cumulants
(Speicher-Woroudi, 1997).

In general, if � is any of the convolutions associated to the �ve classes
of independence, Kurtosis with respect to convolution � is

Kurt�(µ) =
c�4 (µ)
(c�2 (µ))

2
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IV. Kurtosis and In�nite Divisibility
Easy necessary conditions for in�nite divisibility

Theorem
Let µ be a probability measure on R with �nite fourth moment. If µ is
in�nitely divisible with respect to � then Kurt�(µ) � 0.
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IV. Kurtosis and In�nite Divisibility
Necessary conditions in terms of classical cumulant

Theorem
Let µ be a probability measure on R with �nite fourth moment.

a) If µ is ID wrt to classical convolution ?, then Kurt(µ) � 0.
b) If µ is ID wrt to free convolution �, then Kurt(µ) � �1.
c) If µ is ID wrt to monotone convolution B, then Kurt(µ) � �1.5.
d) If µ is ID wrt to Boolean convolution ], then Kurt(µ) � �2.
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IV. Kurtosis and In�nite Divisibility
Application to Power Semicircle distribution

If Sθ has power semicircle distribution PS(θ, 1), θ � �3/2.

Kurt(Sθ) =
ES4θ
(ES2θ )

2
� 3 = � 3

(θ + 3)
.

PS(θ, σ) is not ID in the classical case if θ < ∞.
PS(θ, σ) is not ID in the free sense if θ < 0.

The uniform distribution θ = �1/2 is not ID in free sense.
The arcsine distribution θ = �1 is not ID in free sense.

PS(θ, σ) is not ID in the monotone if θ < �1.
PS(θ, σ) is not ID in the Boolean sense if θ < �3/2 (in fact is not a
distribution).
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IV. Kurtosis and In�nite Divisibility
Application to Power Semicircle distribution

θ�g value of Gaussian distribution wrt convolution �

θ?g = ∞, classical Gaussian, for classical convolution ?
θ�g = 0, semicircle distribution, for free convolution �
θBg = �1, arcsine distribution, for monotone convolution B
θ]g = ∞, symmetric Bernoulli distribution, for Boolean convolution ]

Theorem
The power semicircle distribution PS(θ, σ) is not in�nitely divisible with
respect to the convolution � for θ < θ�g .
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V. Open Problems

Conjecture 1: For θ � 0, PS(θ, σ) is free in�nitely divisible. Based on
testing with MATLAB the positive de�niteness of a large number of
free cumulants of PS(θ, σ).

Conjecture 2: If Conjecture 1 is true, by Poincaré�s theorem the
classical Gaussian distribution would be free in�nitely divisible. This
fact is also supported by using MATLAB for testing the positive
de�niteness of the free cumulants of the Gaussian distribution.

Conjecture 2 has been recently been proved to be true by Belischi,
Bozejko, Lehner and Speicher (2009).

Conjecture 3: The classical Gaussian distribution is the free
multiplicative convolution of the semicircle distribution (Lévy
Conference in Dresden?)
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