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Position of the problem

Let f: R — R a regular deterministic function, W := (W(s 1)) (s,)ep,12 2

two-parameter stochastic process and G, := { (£, ), 1 <i,j < n} a regular
grid whith mesh 1/n. In this talk we study the asymptotic behavior as n tends
to infinity of the following quantity

[ns] [nt]
SN ( Wizt i) 1BWP 21, (s,8) € [0, 17
i=1 j=1 mon
where
AW = W(iy]—il) + W(L,i) — W(ﬂ’i) — W(L"j;l .
We are interested in two situations:
e W is a standard Brownian sheet,

o W is a fractional Brownian sheet.
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The standard Brownian sheet

Let W = (Ws,1))(s,0)epo,12 be a two-parameter Brownian motion that is,

@ Wi,y =0,ifs=0o0rt=0,
@ W is a centered Gaussian process with covariance function

E [WenWe o] =(sAs)EAL), (s, t),(s,t) e[0,1].
(s:) Wist )

Remark that A; ;W and A W are two independent rv if (i,) # (i', ).
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The standard Brownian sheet

Drap

column
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Central limit theorem

Let f : R — R a regular enough deterministic function. Let
X = (Xa(5,1))(s,0)ep0,12 defined as,

[ns] [nt]

Xo(s,t) =03 S f (W(%’,-%D (|A,-,J-W\2 - %) . >l

i=1 j=1

Theorem (R.)

Under some reularity assumption on f we have that

[n-] [ne]

1\ law(s)
Xe)=n 23 (Wt 1)) (m,-,,-vv\z - §> T 5
i=1 j=
in the Skorohod space D([0,1]?) and X is a non-Gaussian continuous process
defined as
Xs,t) = V2 f(W,) dB,.
[0,5]x[0,1]

The previous theorem has been established for the standard Brownian motion
by Jacod, Gradinaru and Nourdin, Ait-Sahalia and Jacod, .. ..
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Application

Let

Yis,0) :/ O’(Wp)de+/ M,dp,
[0,s]x[0,t] [0,s]%[0,1]

where 0 : R — R and M is a continuous two-parameter process.

We observe an unique path of Y on {(L,%), 1<1/,j,< n} with n > 1. Set
Vi =SS 18 Y P, (s,0) € [0.1F, n>1,

C(S’t) = f[O,s]X[O,t] o’ (W(”’V)) dudv, (s,t) €0, 1]27

Yoo =n(Viy—Con)s (st) €0, 1]

Anthony Réveillac



Application

Let
[ns] [nt]

Va(s,t) =D > |AYP, (s,t) €[0, 1]

i=1 j=1

Proposition

The estimator V,, of C is consistent:

iz 2
Vn(S, t) - C(S, t)7 (57 t) € [071] .

Rate of convergence this consitent estimator?

Proposition

Under some regularity assumptions on o(-), the sequence on two-parameter
processes

Yo(0) = n (Vo — C)(0) 22 V2 o*(W,) dB,

n—ee [0,]x[0,0]

in the Skorohod space D([0, 1]?).

V.
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Asymptotic normality
Let

’

[ns] [n]
Ss )=t Y > [AuYl S =3[ oi(W,)dp
i=1 j=1 [0,s] x[0,t]

We have for every (s, t) in (0,1]? that

Sul(s, £) "2V, (s, t) 21 \EN, N ~ N(0,1).

n—oo

Lemme (Aldous and Eagleson)

If (Yn)n converges stably in law to Y and if (S,)» converges in probability to S
then,

(Yo, Sa)n 2% (Y, S).
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Case of the fractional Brownian motion

Let B" := (B!')icjo,1 be a fractional Brownian motion with Hurst index
O<H<I.

Given a deterministic function f : R — R regular enough we are interested in
the asymptotic behavior of the following quantity as n tends to infinity,

n—1
Va(F) == 3" F(B)n) [n2H(B% - By - 1]
k=0

The non-weighted case (f(-) = 1) has been investigated by Breuer and Major,
Dobrushin and Major, Giraitis and Surgailis, Tagqu who have shown that the
value H = 3/4 is a particular value in this study.
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Theorem (Nourdin, Nourdin and Nualart, Nourdin and Nualart and Tudor)
e If H e (0,1/4) then

1
v £ 3 [ e,
n—oo 4 0
e if1/4 < H < 3/4 then
1
n2v,(F) 249 CH/ F(BH)dw.,
n— oo 0

W standard Brownian motion independent of BY,
o if H=3/4 then
law/(

S) C ! F(B3/*
- 3/4 (Bs )dWS7
— 00 0

n

(nlog(n)) ™"V, (f)

W standard Brownian motion independent of BY/*,
e if H> 3/4 then

1-2H 2 ! H .
n Vio(f) — f(Bs')dZs, where Z is a Rosenblatt process.
n—oo 0

v
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Case of Bl/4

The case H = 1/4 is not contained in the previous result.

Theorem (Nourdin, R.)

nRVL(F) = *I/ZZf(Bijj [\f(siﬁ_sw) 1]

n— oo

law(S) 1/4 1 ! 7 1/4
e c1/4/ £(B! )dvvs+1/ F(BY*)ds,
0 0

W standard Brownian motion independent of B".
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Application

For f : R — R regular enough we aim at defining
1
1/4 /4 . Sn(f)
/0 f(Bs'")odBs" := nILn;O{ To(f)

i (B + F(BYE )
_ /n (k+1)/n 1/4 1/4
Sa(f) = kz_o 5 (Bilisy/n = Bilm):

where

s 1/4 1/4
Z f(BZk 1)/n (2k /n B(2k72)/n)'
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Theorem (Gradinaru, Nourdin, Russo, Vallois; Cheridito, Nualart)
It holds that

1
/ f'(BY*)d°BY* := lim S,(f') exists in probability
0 n—oo

with

1
/ £/(BY4)d° B/ = £(BY*) — £(0).
0
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Theorem (Nourdin, R.; Burdzy, Swanson)

/ F(BY*Yd*BY* .= lim Ta(f') exists in law

n—oo

and satisfy
1 1
[ @ el - 10 - 5 [ (e
0 0

where K denotes an explicit constant and W is a standard BM independent of
BY/*.
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In progress

Theorem (Nourdin, R., Swanson)

1
/ F(BY®)d°BY® := lim S,(f') exists in law
0 n—oo

and satisfy

1 1
| s (8 — (o) - B [ e aw,
0 0

where k1/6 denotes an explicit constant and W is a standard BM independent
of BY/S.
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Case of the fractional Brownian sheet
Definition (Ayache, Léger and Pontier)

A fractional Brownian sheet (B(as:tﬁ))(s,t)e[o,l]z with Hurst indices (o, 3) € (0,1)?
is a centered two-parameter Gaussian process equal with

{(s,t) €[0,1)*, s=0or t = 0}

whose covariance function is given by,

R (1), (2, 02)) = B[BGS B

= Ka(51,52)Kﬁ(t1,t2)

(87 +6° — |t — t)”).

_ 1 2 2a 2 1
= 2(51 + 5 |s1 — s )2 J

(Bg:g)(s,t)e[o,l]z is a semimartingale if and only if (a, 8) = (1/2,1/2) and in
this case this is the standard Brownian sheet studied previously.
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Case of the fractional Brownian sheet

Theorem (R.)

Let f : R — R a deterministic function regular enough. Let

[ns] [nt]
33 (B

1
»
i=1 j=1 "

fi=
n

. ) (P 18,8%° 7 ~1) , (s,1) € 0,1

be the re-normalized weighted quadratic variations where the increments
A;;B*P are defined as

A;jB*P = B%E ., +BXP.. —BXF . —BYE ...
" (555 TG T(ERE) (58

If0<a<3and0<pB<3witha+ >3 then

X, fdd—law(S) X

n—oo

with Xs.e = 00,5 [ o F (Ba 8 ) dW,y.), (s, t) € [0, 1] where W is a

(u,v)

standard Brownian sheet independent of B*P.

Anthony Réveillac



